We have conducted an image analysis of the (current) full sample of 44 spiral galaxies with directly measured supermassive black hole (SMBH) masses, M BH , to determine each galaxy's logarithmic spiral arm pitch angle, φ. For predicting black hole masses, we have derived the relation: log(M BH /M ) = (7.01 ± 0.07) − (0.171 ± 0.017
INTRODUCTION
Qualitatively, pitch angle is fairly easy to determine by eye. This endeavour famously began with the creation of the Hubble-Jeans sequence of galaxies (Jeans 1919 (Jeans , 1928 Hubble 1926 Hubble , 1936 . In modern times, this legacy has been continued on a grand scale by the Galaxy Zoo project (Lintott et al. 2008) , which has been utilizing citizen scientist volunteers to visually classify spiral structure in galaxies on their website. 1 If one is familiar with the concept of pitch angle, and presented with high-resolution imaging of grand design spiral galaxies, pitch angles accurate to ±5 • could reasonably be determined by visual inspection and comparison with reference spirals. Fortunately, instead of relying on only the human eye, several astronomical software routines now exist to measure pitch angle more precisely, particularly helpful with lesser quality imaging, and in galaxies with more ambiguous spiral structure (i.e. flocculent spiral galaxies).
Not surprisingly, pitch angle is intimately related to Hubble type, although it can at times be a poor indicator due to misclassification and asymmetric spiral arms (Ringermacher & Mead 2010) . The Hubble type is also known to correlate with the bulge mass (e.g. Yoshizawa & Wakamatsu 1975; Graham & Worley 2008 , and references therein), and more luminous bulges are associated with more tightly wound spiral arms (Savchenko & Reshetnikov 2013) . Additionally, Davis et al. (2015) present observational evidence for the spiral density wave theory's (bulge mass)-(disc density)-(pitch angle) Fundamental Plane relation for spiral galaxies.
It has been established that bulge mass correlates well with supermassive black hole (SMBH) mass (Dressler 1989; Kormendy & Richstone 1995; Magorrian et al. 1998; Marconi & Hunt 2003) . A connection between pitch angle and SMBH mass is therefore expected given the relations mentioned above. Moreover, pitch angle has been demonstrated to be connected to the shear rate in galactic discs, which is itself an indicator of the central mass distribution contained within a given galactocentric radius (Seigar et al. 2005 (Seigar et al. , 2006 . In fact, it is possible to derive an indirect relationship between spiral arm pitch angle and SMBH mass through a chain of relations from (spiral arm pitch angle) → (shear) → (bulge mass) → (SMBH mass), |φ| → Γ → M Bulge → M BH . From an analysis of the simulations by Grand et al. (2013) 2 and application of the M BH -M Bulge relation of Marconi & Hunt (2003) , the following (black hole mass)-(spiral arm pitch angle), M BH -φ, relation estimation is obtained:
In this paper we explore and expand upon the established M BH -φ relation (Seigar et al. 2008; Berrier et al. 2013) , which revealed that M BH decreases as the spiral arm pitch angle increases. One major reason to pursue such a relation is the potential of using pitch angle to predict which galaxies might harbour intermediate-mass black holes (IMBHs, M BH < 10 5 M ). The M BH -φ relation will additionally enable one to probe bulge-less galaxies where the (black hole mass)-(bulge mass), M BH -M Bulge , and (black hole mass)-(Sérsic index), M BH -n, relations can no longer be applied. Furthermore, pitch angles can be determined from images without calibrated photometry and do not require carefully determined sky backgrounds. The pitch angle is also independent of distance. Pitch angles have been measured for galaxies as distant as z > 2 ( Davis et al. 2012 ).
We present the mathematical formulae governing logarithmic spirals in Section 2. We describe our sample selection of all currently known spiral galaxies with directly measured black hole masses and discuss our pitch angle measurement methodology in Section 3. In Section 4, we present our determination of the M BH -φ relation, including additional tests upon its efficacy, and division into subsamples segregated by barred/unbarred and literatureassigned pseudo/classical bulge morphologies; revealing a strong M BH -φ relation amongst the pseudobulge subsample. Finally, we comment on the meaning and implications of our findings in Section 5, including a discussion of pitch angle stability, longevity and interestingly, connections with tropical cyclones and eddies in general.
We adopt a spatially flat lambda cold dark matter (ΛCDM) cosmology with the best-fitting Planck TT+lowP+lensing cosmographic parameters estimated by the Planck mission (Planck Collaboration et al. 2016) : Ω M = 0.308, Ω Λ = 0.692 and h 67.81 = h/0.6781 = H 0 /(67.81 km s −1 Mpc −1 ) ≡ 1. Throughout this paper, all printed errors and plotted error bars represent 1σ (≈ 68.3 per cent) confidence levels.
THEORY
Logarithmic spirals are ubiquitous throughout nature, manifesting themselves as optimum rates of radial growth for azimuthal winding in numerous structures such as mollusc shells, tropical cyclones and the arms of spiral galaxies. Additional astrophysical examples of the manifestation of logarithmic spirals include protoplanetary discs (Pérez et al. 2016; Rafikov 2016) , circumbinary discs surrounding merging black holes (Zanotti et al. 2010; Giacomazzo et al. 2012) and the geometrically thick disc surrounding active galactic 2 Γ ≈ 1.70 − 0.03|φ | and log(M Bulge /M ) ≈ 1.17Γ + 9.42. Figure 1 . A logarithmic spiral (red), circle (blue), line tangent to the logarithmic spiral (magenta) at point (r, θ), line tangent to circle (cyan) at point (r, θ) and radial line (green) passing through the origin and point (r, θ). Included are the length of r 0 , the angle φ and the location of the reference point (r, θ). For this example, r 0 = 1, |φ | = 20 • and point (r, θ) = (≈ 1.33, π/4); making the circle radius ≈ 1.33. Note that the spiral (red) radius can continue outward towards infinity as θ → +∞ and continue inward towards zero as θ → −∞.
nuclei (AGN) central black holes (Wada et al. 2016 ). This sort of expansion allows for radial growth without changing shape. One such special case of a logarithmic spiral is the golden spiral (|φ| ≈ 17.
• 0), which widens by a factor of the golden ratio (≈ 1.618) every quarter turn, itself closely approximated by the Fibonacci spiral (see appendix A of Davis et al. 2014) .
One can define the radius from the origin to a point along a logarithmic spiral at (r, θ) as
where r 0 is an arbitrary real positive constant representing the radius when the azimuthal angle θ = 0, and τ is an arbitrary real constant (see Fig. 1 ). If τ = 0, then one obtains a circle at constant radius r = r 0 , while if |τ| = ∞, one obtains a radial ray from the origin to infinity. The parameter τ therefore quantifies the tightness of the spiral pattern. A logarithmic spiral is self-similar and thus always appears the same regardless of scale. Every successive 2π revolution of a logarithmic spiral grows the radius at a rate of
where r n is any arbitrary radius between the origin and the point (r n , θ) and r n+1 is the radius of the spiral after one complete revolution, such that r n+1 is the radius between the origin and the point (r n+1 , θ + 2π).
The rate of growth (of the spiral radius as a function of azimuthal angle) of such a logarithmic spiral can be defined using the derivative of equation (2), such that
Notice that τ = dr dθ /r = 0 generates a circle and τ = dr dθ /r = ∞ generates a radial ray. Given these two extremes, one can more conveniently quantify the tightness of logarithmic spirals via an inverse tangent function. Specifically,
with φ being referred to as the 'pitch angle' of the logarithmic spiral. In general terms, it is the angle between a line tangent to a logarithmic spiral and a line tangent to a circle of radius r that are constructed from and intersect both at (r, θ), the reference point (see Fig. 1 ). Rearrangement of equation (5) implies that τ = tan φ. Therefore, in terms of pitch angle, equation (2) becomes
and equation (4) becomes 3 cot φ = r dθ dr ,
with |φ| ≤ π 2 . Therefore, as φ → 0, the spiral approaches a circle and as |φ| → π 2 , the spiral approaches a radial ray. The sign of φ indicates the chirality of winding, with positive values representing a clockwise direction of winding with increasing radius ('S-wise') and negative values representing a counterclockwise direction of winding with increasing radius ('Z-wise') for our convention. For galaxies, this merely indicates the chance orientation of a galaxy based on our line of sight to that galaxy. Hayes et al. (2017) demonstrates through analysis of 458 012 Sloan Digital Sky Survey (SDSS, York et al. 2000) galaxies contained within the Galaxy Zoo 1 catalogue (Lintott et al. 2008 (Lintott et al. , 2011 with the sparcfire software (Davis & Hayes 2014) , that the winding direction of arms in spiral galaxies, as viewed from Earth, is consistent with the flip of a fair coin. 4 Ergo, for our purposes in this paper, we only consider the absolute value of pitch angle in regards to any derived relationship.
DATA AND METHODOLOGY
Our sample of galaxies was chosen from the ever-growing list of galaxies with directly measured black hole masses, by which we mean their sphere of gravitational influence has supposedly been spatially resolved. This includes measurements via proper stellar motion, stellar dynamics, gas dynamics and stimulated astrophysical masers (we do not include SMBH masses estimated via reverberation mapping methods). Additionally, we only consider measurements offering a specific mass rather than an upper or lower limit. This criterion yielded a sample 44 galaxies (see Table 1 ).
We carefully considered the implications of variable pitch angles for the same galaxy when viewed in different wavelengths of light. Pour-Imani et al. (2016) found that pitch angle is statistically more tightly wound (i.e. smaller) when viewed in the light from the older stellar populations. We sought to preferentially measure images that more strongly exhibit the young stellar populations. In doing so, we are able to glimpse the current location of the spiral density wave that is enhancing star formation in the spiral arm. Whereas, older stellar populations were born long ago within the density wave pattern, but have since drifted away from the wave after multiple orbits around their galaxy, making the pitch angle smaller (see fig. 1 from Pour-Imani et al. 2016) .
Our preferred images are those of ultraviolet light (e.g. GALEX FUV and NUV ), which reveals young bright stars still in their stellar nurseries, or 8.0 µm infrared light (e.g. Spitzer IRAC4 ), which is sensitive to light from the warmed dust of star-forming regions. Above all, we sought highresolution imaging that adequately revealed the spiral structure, regardless of the wavelength of light. For instance, near-IR images often (though not always) reveal smoother spiral structure that is more likely to appear grand design in nature (and is easier from which to measure pitch angle). This can be seen in the work of Thornley (1996) , who demonstrates that spirals appearing flocculent in visible wavelengths of light may appear as grand design spirals if viewed in near-IR wavelengths.
Previous papers exploring the M BH -φ relation have used a single method to measure the value of φ. Seigar et al. (2008) and Berrier et al. (2013) both exclusively used twodimensional fast Fourier transform (2dfft) analysis. Here, we have employed multiple methods to ensure the most reliable pitch angle measurements. Pitch angles were measured using a new template fitting software called spirality (Shields et al. 2015a,b) and 2dfft software (Davis et al. 2012 . Additionally, computer vision software (Davis & Hayes 2014 ) was utilized to corroborate the pitch angle measurements.
All of these methods first compensate for the random inclination angle of a galaxy's disc by de-projecting it to a face-on orientation. 5 Inclination angles were estimated from each galaxy's outer isophote ellipticity, and these inclination angles were subsequently used to de-project the galaxies via the method of Davis et al. (2012) . Even with the use of multiple software routines that invoke varied methods of measuring pitch angle, it sometimes remains difficult to clearly analyse flocculent spiral structure. To overcome this, one can apply multiple image processing techniques such as 'symmetric component isolation' (see Davis et al. 2012 , their section 5.1 and Shields et al. 2015a , their section 3.2 and 3.3) to enhance the spiral structure for an adequate measurement. Even so, when presented with images of poor quality, one needs to be mindful that all methods are unfavourably contaminated with spuriously high-pitch angle signals in the presence of low signal to noise. Kormendy & Ho (2013) . (2) Hu (2009) . (3) Greene et al. (2016) . (4) Zoccali et al. (2014) . (5) Kormendy (2013) . (6) Saglia et al. (2016) . (7) Fisher & Drory (2010) . (8) Hu (2008) . (9) Nowak et al. (2010) . (10) Sandage & Tammann (1981) . (11) Sani et al. (2011) . (12) Gadotti & Sánchez-Janssen (2012) . (13) Berrier et al. (2013) . (14) Tully et al. (2008) . (15) Luminosity distance computed using redshift (usually from NED) and the cosmographic parameters of Planck Collaboration et al. (2016) . (16) Yamauchi et al. (2012) . (17) Boehle et al. (2016) . (18) Riess et al. (2012) . (19) Radburn-Smith et al. (2011) . (20) Rodríguez et al. (2014) . (21) Tully (1988) . (22) Terry et al. (2002) . (23) Sorce et al. (2014) . (24) Lagattuta et al. (2013) . (25) Kudritzki et al. (2012) . (26) Lee & Jang (2013) . (27) Hönig et al. (2014) . (28) Humphreys et al. (2013) . (29) Bose & Kumar (2014) . (30) Jacobs et al. (2009) . (31) Silverman et al. (2012) . (32) McQuinn et al. (2016) . (33) Tully et al. (2015) . (34) Gao et al. (2016) . (35) McQuinn et al. (2017) . (36) Kuo et al. (2013) . (37) Greenhill et al. (2003a) . (38) Reid et al. (2013) . (39) Greenhill et al. (2003b) . (40) Tadhunter et al. (2003) . (41) Gao et al. (2017) . (42) Bender et al. (2005) . (43) Rodríguez-Rico et al. (2006) . (44) Lodato & Bertin (2003) . (45) Onishi et al. (2015) . (46) Atkinson et al. (2005) . (47) Cappellari et al. (2007) . (48) Devereux et al. (2003) . (49) Yamauchi et al. (2004) . (50) Hicks & Malkan (2008) . (51) Davies et al. (2006) . (52) Onken et al. (2014) . (53) Pastorini et al. (2007) . (54) den Brok et al. (2015) . (55) Jardel et al. (2011) . (56) Private value from K. Gebhardt (Kormendy et al. 2011) . (57) Greenhill et al. (1997) . (58) Blais-Ouellette et al. (2004) . (59) Wold et al. (2006) . (60) This work. (61) Vallée (2015) . (62) Pour-Imani et al. (2016) . (63) Davis et al. (2014 Vallée (2015) . d A factor of 2 uncertainty has been assigned here.
Fully aware of the inherent bias of algorithms to be confused by high-pitch angle noise, 6 we took care to identify the fundamental pitch angle for each individual galaxy. This involved analysis that did not blindly quote the strongest Fourier pitch angle frequency, but rather sought to identify secondary and perhaps tertiary Fourier pitch angle frequencies that might represent the true, fundamental pitch angle. By applying multiple, independent software routines (see Appendix A), we were confident in our ability to identify and rule out false pitch angle measurements. Collectively, this approach represents an improvement over past efforts as we have utilized the most appropriate method and avoided instances where things can go wrong.
Additionally -unless care is taken -we note that barred galaxies tend to be biased towards higher pitch angle values due to the presence of large central bars. This was, however, readily checked by varying the innermost radius of the region fit for spiral structure. The measured pitch angle starts to spike once the bar begins to influence the result. Even if such careful steps are taken to remove the influence of bars, the fact remains that much of the inner radial range of the galaxy is unusable for pitch angle measurement.
In contrast, unbarred galaxies can have spiral patterns that encompass the entire radial range of a galaxy except for the bulge (if present). Therefore, the main necessity for accurate pitch angle measurement is the presence of spiral arms that encompass large azimuthal ranges around the galaxy. The easiest galaxies to measure have spiral arm patterns that wrap around a significant fraction of the galaxy. Spiral patterns that wrap around 2π radians become quite simple to measure.
Admittedly, it is challenging to model all the varying morphologies of spiral galaxies as possessing perfectly logarithmic and constant pitch angle spiral arms. To mediate this difficulty, one focuses on identifying the spiral arm segments that are brightest and closest to the galactic centre, but beyond any central bars. Specifically, we have higher regard for stable stretches of constant pitch angle that are not at the outermost radial edge of a galaxy. In doing so, our pitch angles avoid, as best as possible, potential external tidal influence on the spiral arm geometry.
ANALYSIS AND RESULTS
We performed linear fits using the bces (bivariate correlated errors and intrinsic scatter) regression method (Akritas & Bershady 1996) , 7 which takes into account measurement error in both coordinates and intrinsic scatter in data. For 6 This is akin to the persistence of low-frequency noise in FFT analysis. Noise abounds in frequencies that correspond to wavelengths of the order of the sampling range. For pitch angle analysis, low frequencies are high-pitch angle patterns with wavelengths of the order of the radial width of the annulus of a galactic disc. They experience less azimuthal winding than low-pitch angle, high-frequency patterns with shorter wavelengths, which wrap around a greater azimuthal range of the galaxy and potentially repeat their spiral pattern across the annulus of a galactic disc. 7 We used a version of the bces software translated into the python programming language by R. S. Nemmen for use in astronomical applications (Nemmen et al. 2012 ).
our (φ, M BH ) data, we use the bces (Y|X) fitting method, which minimizes the residuals in the Y = log M BH direction, and the bces Bisector fitting method, which bisects the angle between the bces (Y|X) and the bces (X|Y) 8 slopes. We find from analysis of the full sample of 44 galaxies (see Fig. 2 ) that the bces (Y|X) regression yields a slope and intercept 9 such that (8) with intrinsic scatter = 0.33 ± 0.08 dex and a total root mean square (rms) scatter ∆ = 0.43 dex in the log M BH direction. 10 The quality of the fit can be described with a Pearson correlation coefficient of r = −0.88 and a p-value probability of 5.77 × 10 −15 that the null hypothesis is true.
As pointed out in Novak et al. (2006) , since there is no natural division of the variables into 'dependant' and 'independent' variables in black hole scaling relations, we prefer to represent the M BH -φ relation with a symmetric treatment of the variables, as is the case in the bces Bisector regression. However, given that the error bars on the logarithm of the black hole masses are much smaller than the error bars on the pitch angles (see Table 1 ), the bces (X|Y) regression, and thus also the symmetric treatment of our data, results in the same relation (equation 8) as the asymmetric regression performed above. We additionally used the modified fitexy routine from Tremaine et al. (2002) and obtained consistent results.
Sub-samples
We have explored the M BH -φ relation for various subsets that segregate different types of bulges and overall morphologies: pseudobulges, classical bulges, barred and unbarred galaxies. The results of this analysis are presented in Table 2 and Fig. 3 . Graham (2008 ) & Hu (2008 presented evidence that barred/pseudobulge galaxies do not follow the same M BH -σ scaling relation as unbarred/classical bulges and several authors have speculated that SMBHs do not correlate with galaxy discs (e.g. Kormendy et al. 2011) . However, recent work by Simmons et al. (2017) indicate that disc-dominated galaxies do indeed co-evolve with their SMBHs. We present evidence that SMBHs clearly correlate well with galactic discs in as much as the existence of an M BH -φ relation demands such a correlation (Treuthardt et al. 2012) . Furthermore, we reveal in Table 1 that most of the galaxies in our sample are alleged in the literature to contain pseudobulges. That is, SMBHs in alleged pseudobulges correlate with their galaxy's discs (Table 2) .
We further acknowledge that the label 'pseudobulge' is often an ambiguous moniker. The qualifications that differentiate pseudobulges from classical bulges are extensive (Fisher & Drory 2016) and are often difficult to determine definitively (Savorgnan et al. 2016; Graham 2016) . This can (Table 1 , Column 9) versus the absolute value of the pitch angle in degrees (Table 1 , Column 13), represented as red dots bounded by black error bars. Equation (8) is the solid green line (which represents the result of the errorweighted bces (Y|X) regression of log M BH on |φ |). The 1σ confidence band (smaller dark shaded region) and the 1σ total rms scatter band (larger light shaded region) depict the error associated with the fit parameters (slope and intercept) and the rms scatter about the best fit of equation (8), respectively. The three galaxies with questionable measurements (see Section 4.2) are labelled. For comparison, we have also plotted the ordinary least squares (Y|X) linear regression from Seigar et al. (2008) and from Berrier et al. (2013) , represented by a dotted magenta and a dashed cyan line, respectively.
be observed from the seven hybrid galaxies in our sample (see Table 1 , Column 3) that either have conflicting pseudobulge versus classical bulge classifications in the literature or are stated as possessing both a pseudobulge and classical bulge, simultaneously. Observing Fig. 3 , we do note that the six galaxies (Cygnus A, NGC 224, NGC 1398, NGC 2974, NGC 3031 and NGC 4151) classified unambiguously as possessing classical bulges, all lie above the best-fitting linear regression for the entire sample. Since the linear regression naturally acts to divide half of the sample above the line of best fit, the in- Galaxies with bulges only classified as classical are indicated by pentagons. Galaxies with bulges only classified as pseudobulges are indicated by circles. Galaxies with bulges ambiguously classified as having either classical, pseudo or both types of bulges are labelled as having hybrid bulges and are marked with squares. NGC 4395, being the only bulge-less galaxy in our sample, is marked with a diamond. Markers filled with the colour red represent galaxies with barred morphologies and markers filled with the colour blue represent galaxies with unbarred morphologies. The full and sub-sample bces (Y|X) linear regressions are plotted as lines with various styles and colours. Fits 1-5 from Table 2 are depicted as a dotted black line, a solid green line, a dotted magenta line, an alternating dash-dotted red line and a dashed blue line, respectively. The three galaxies with questionable measurements (see Section 4.2) are labelled. Error bars and confidence regions have not been included for clarity.
dividual chance of a particular galaxy lying above the line of best fit is 50 per cent, making the probability of these specific six galaxies all lying above the line of best fit 1 chance out of 64. This informs us that the classical bulges tend to have higher black hole masses for a given pitch angle. However, it is important to note the diminished statistical significance of the classical bulge sample due to it having a small sample size of only 13 galaxies (with seven of those being hybrid bulge morphologies). Furthermore, this sample includes all three galaxies with questionable measurements (see Section 4.2). However, what is of interest is that the galaxies alleged to have pseudobulges define a tight relation; they are not randomly distributed in the M BH -φ diagram.
We also find a majority of our sample consisting of barred morphologies. All of the relations in Table 2 are similar (within the quoted margins of error) concerning both their slopes and intercepts, except for the slopes of the barred and unbarred sample. The barred sample has a statistically dissimilar (i.e. error bars that do not overlap), steeper slope than the unbarred sample. Again, it is important to point out that this observation is derived from small number statistics for the unbarred sample, but the error bars should capture this. This observed dissimilarity is such that barred galaxies tend to have more massive black holes than unbarred galaxies with equivalent pitch angles for |φ| < ≈ 11.
• 8, and vice versa.
Finally, we investigate whether the number of spiral arms affects the determination of the M BH -φ relation. We compare galaxies with two dominant spiral arms (m = 2) to those with any other count of dominant spiral arms (m 2). For all galaxies (except the Milky Way), we use the spirality software to count the number of spiral arms (see the middle and right-hand panels of Fig. A2 . In the end, we find that the two samples are statistically equivalent (see Table 2 , Fits 6 and 7).
Questionable measurements
Cygnus A has the most massive SMBH in our spiral galaxy sample; it is the only spiral galaxy with an SMBH mass greater than one billion solar masses. While numerous earlytype galaxies are known to exceed the billion solar mass mark, it is uncommon for spiral galaxies to achieve this mass. Cygnus A is also the most distant galaxy in our sample, with the most ambiguous morphological classification. Furthermore, the bar and spiral arms in Cygnus A are nuclear features unlike the large-scale features in the discs of all other galaxies in our sample. It may be that Cygnus A is an early-type galaxy with an intermediate-scale disc hosting a spiral, cf. CG 611 (Graham et al. 2017) . Recently, Perley et al. (2017) discovered what is potentially a secondary SMBH near the central SMBH in Cygnus A, further complicating our understanding of this galaxy.
NGC 4594, the 'Sombrero' galaxy, is notorious for being simultaneously elliptical and spiral, behaving like two galaxies, one inside the other (Gadotti & Sánchez-Janssen 2012) .
As for the Milky Way, our Galaxy has been determined to have an uncommonly tight spiral structure (albeit measured with difficulty by astronomers living inside of it) for its relatively low-mass SMBH. It is worth noting that published values of the Milky Way's pitch angle have varied wildly, ranging from 3 • ≤ |φ| ≤ 28 • . Meta-analysis of these various published values yields a best-fitting absolute value of 13.
• 1 ± 0.
• 6 (Vallée 2015) , which is what we used here. In fact, the most recent measurement of the Milky Way's pitch angle by Rastorguev et al. (2017) is even smaller (|φ| = 10.
• 4 ± 0.
• 3), and thus even more of an outlier if applied to the M BH -φ relation.
Removing these three galaxies does not change any of the results in Table 2 by more than the 1σ level. (Table 1 , Column 9) versus central velocity dispersion (Table 3 , Column 3), represented as red dots bounded by black error bars. The bces (Y|X) and the bces Bisector regressions of Fit # 1 from Table 4 are depicted by a dashed magenta and a solid green line, respectively. The 1σ confidence band (smaller grey shaded region) depicts the error associated with the fit parameters (slope and intercept). The 1σ total rms scatter about the best-fitting bces Bisector regression is shown by the larger green shaded region. We consider the three labelled galaxies as outliers and they are not included in any of our linear regressions involving central velocity dispersion.
M BH -σ relation for spiral galaxies
Here, we analyse the M BH -σ relationship for our sample of 44 spiral galaxies. We obtained the majority of our central velocity dispersion (σ) measurements from the HyperLeda data base (see Table 3 ). Literature values were available for all galaxies except for NGC 6926. Unlike the M BH -φ relation, a marked difference arises between the various bces regressions of our M BH -σ data. We therefore present both the results of the bces (Y|X) and the bces Bisector regressions.
Plots depicting the overall fit, and delineating barred/unbarred morphologies, as well as different bulge morphologies, can be seen in Figs. 4 & 5, respectively. It is evident from these figures that three galaxies standout as noticeable outliers: NGC 4395, NGC 5055 and Cygnus A. NGC 4395 has an extremely low velocity dispersion, Cygnus A has the largest uncertainty on σ of any galaxy in our sample, and NGC 5055 appears to have an uncharacteristically low velocity dispersion for a galaxy hosting such a large black hole. We have excluded these three galaxies from all linear regressions (see Table 4 ), leaving us with a sample of 40 spiral galaxies.
Many works (e.g. Graham 2008; Hu 2008; Gültekin et al. 2009; Graham & Scott 2013) have identified an offset (≈ 0.3 dex) in SMBH mass between galaxies with barred and unbarred morphologies in the M BH -σ diagram. However, we do not observe any such offset in our M BH -σ diagram. This could be attributed to numerous reasons. Since Graham & Scott (2013) Greene et al. (2016) and references therein), plus NGC 6264 (Saglia et al. 2016 , and references therein). As such, our sample of 40 only contains 8 unbarred galaxies. Also, many of the black hole mass estimates and distances have been revised. Moreover, Graham & Scott (2013) observe the offset using a sample that includes elliptical, lenticular and spiral morphologies. Since we do not include any elliptical nor lenticular morphologies, it becomes difficult to directly compare our results. Two of the 'unbarred' galaxies are NGC 4826 (the 'Black Eye Galaxy') and Mrk 1029, both alleged to have pseudobulges. Unexpectedly, all of the eight galaxies with- Table 4 are depicted as a dotted black line, a solid green line, a dotted magenta line, an alternating dash-dotted red line and a dashed blue line, respectively. out bars have been claimed to host pseudobulges, structures thought to be associated with bars.
Concerning the linear regressions for the various subsamples (see Table 4 ), we find no statistical difference between the slope or intercept for all but one of the fits when using the same type of regression. With the symmetric bisector regression, the 'Classical Bulges + Hybrids' sample (Fit #3 from Table 4 ) is noticeably offset above the other fits (see Fig. 5 ). The vertical offset is 0.20 dex above the 'All' sample and 0.25 dex above the 'Pseudobulges + Hybrids' sample. However, the intercept values do have overlapping error bars. We additionally used the modified fitexy routine from Tremaine et al. (2002) and obtained consistent results.
DISCUSSION AND IMPLICATIONS
The spiral density wave theory has been cited for approximately six decades (Shu 2016) as the agent for 'grand design' spiral genesis in disc galaxies. Lin & Shu (1966) specify that the density wave theory predicts that a relationship should exist between spiral arm pitch angle and the central enclosed mass of a galaxy. 11 They calculated the pitch angle to be a ratio of the density of material in the galaxy's disc relative to a certain quantity made up of the frequencies of orbital motions in the discs, which itself is dependent on the central gravitational mass. Specifically, that the pitch angle at a given radius is determined by the density of the medium in that region of the disc and the enclosed gravitational mass central to that orbital galactocentric radius. 12 
Variable pitch angle
So far this decade, there have been several studies in the literature concerning the variances in pitch angle measurements caused by numerous factors such as the wavelength of light and galactocentric radius. Martínez-García et al. (2014) find, from a study of five galaxies across the optical spectrum, that the absolute value of pitch angle gradually increases at longer wavelengths for three galaxies. This result can be contrasted with the larger study of Pour-Imani et al. (2016) , who use a sample of 41 galaxies imaged from FUV to 8.0 µm wavelengths of light. They find that the absolute pitch angle of a galaxy is statistically smaller 13 (tighter winding) when measured using light that highlights old stellar populations, and larger (looser winding) when using light that highlights young star forming regions. As noted in Section 3, to account for this variation, we strived to identify the most fundamental pitch angle for each galaxy in light that preferably indicates star forming regions. In doing so, we should be glimpsing the true location of the spiral density wave, which itself should be related to the central mass and ultimately the SMBH mass of a galaxy. It is also worth considering the disc size-luminosity relations for different morphological types. Graham & Worley (2008) indicate that disc scalelength is roughly constant angle and later simplified in their equation 2. However, please note that due to a corrigendum, their equation 1 is not dimensionally correct and needs to be divided by the galactocentric radius on the righthand side of the formula. 13 The analysis of Pour-Imani et al. (2016) indicates that the most prominent observed difference is between the 3.6 µm pitch angle (|φ 3.6 µm |) and the 8.0 µm pitch angle (|φ 8.0 µm |). The typical difference is: |φ 8.0 µm | − |φ 3.6 µm | = 3.
• 75 ± 1.
• 25.
with Hubble type, but the disc central surface brightness shows a definite trend of decreasing with Hubble type. For this to occur, the luminosity of the disc must also become fainter with increasing Hubble type. Therefore, the discs become thinner (decreased surface density) as the spiral arms become more open in the late-type spirals. This would indicate that in more open spiral patterns, the overall disc density is small. However, this only implies that the stellar density has decreased in the disc. It is likely that the gas density, and thus the gas fraction of the total density, is higher in gas-rich, late-type galaxies. Indeed, Davis et al. (2015) present evidence (see their equation 2) that the gas density (as compared to the stellar density) in the disc is the primary indicator of spiral tightness since it is primarily within the gas that the density wave propagates.
For the case of variable pitch angle with galactocentric radius, Savchenko & Reshetnikov (2013) find that most galaxies cannot be described by a single pitch angle. In those cases, the absolute value of pitch angle decreases with increasing galactocentric radius (i.e. the arms become more tightly wound). This is in agreement with Davis et al. (2015) , who predict that there should be a natural tendency for pitch angle to decrease with increasing galactocentric radius due to conditions inherent in the density wave theory. Particularly, because as galactocentric radius increases, the enclosed mass must increase and the gas density in the disc typically decreases. Both of these factors tend to tighten the spiral arm pattern (decrease the pitch angle). However, this can be contrasted with the findings of Davis & Hayes (2014) , whose observations indicate the opposite (i.e. increasing pitch angle with increasing galactocentric radius).
Evolution of pitch angle
It is important for the validity of any relationship derived from pitch angle, and for how proposed relations connect to broader galaxy evolution, that spiral patterns not be transient features. Observations of the ubiquity of spiral galaxies, accounting for 56 per cent of the galaxies in our local Universe (Loveday 1996) , appear to favour the longevity of spiral structure. Over the years, there have been numerous findings from theory and computer simulations of spiral galaxies. Julian & Toomre (1966) show that spirals can be a transient phenomenon brought on by lumpy perturbers in the disc of a galaxy. Contrarily, D 'Onghia et al. (2013) find that spiral structure can survive long after the original perturbing influence has vanished. However, Sellwood & Carlberg (2014) argue that if spirals can develop as self-excited instabilities, then the role of heavy clumps in the disc is probably not fundamental to the origin of spiral patterns. Furthermore, they claim that long-lasting spiral structure results from the superposition of several transient spiral modes. 14 Grand et al. (2013) find from N-body simulations that absolute pitch angles tend to decrease with time through a winding-up effect. Contrastingly, Shields et al. (2014) find from analysing a sample of more than 100 galaxies spanning redshifts up to z = 1.2, that pitch angle appears to have statistically loosened since z = 0.5. Although, they admit the possibility of selection effects and biases. One possibility is that the later type spiral galaxies with higher pitch angles might not be observed at great distance due to their lower intrinsic luminosity and surface brightness.
Continuing the discussion of simulations, we draw attention to predictions of pitch angles. Our measured pitch angles (which contain only relatively earlier type spiral galaxies, predominantly Hubble types Sa & Sb) do not exceed ≈ 25 • . The pitch angles presented in this work are consistent with the predictions of Pérez-Villegas et al. (2013) that large-scale, long-lasting spiral structure in galaxies should restrict pitch angle values to a maximum of ≈ 15 • , ≈ 18 • and ≈ 20 • for Sa, Sb and Sc galaxies, respectively. Furthermore, Pérez-Villegas et al. (2013) show that chaotic behaviour leads to more transient spiral structure for pitch angle values larger than ≈ 30 • , ≈ 40 • and ≈ 50 • for Sa, Sb and Sc galaxies, respectively. If these predictions are applicable, this implies that our measured pitch angles should be stable for the vast majority of our sample. Additionally, future studies of black holes in galaxies with later morphological types than exist in our sample (i.e. Sd) should be considered relatively stable for even large pitch angles. Since our sample does not include Sd galaxies, and consists of SMBHs with M BH > ≈ 10 6 M , this implies that future work to identify IMBHs via the M BH -φ relation should be targeting galaxies that have pitch angles > ≈ 30 • .
External influences
Another consideration that could influence pitch angle is from external agents such as tidal interaction, accretion, harassment, cluster environments, etc. Through the process of investigating the pitch angles of 125 galaxies in the Great Observatories Origins Deep Survey South Field (Dickinson et al. 2003) , Davis et al. (2010) found little to no difference, on average, between the pitch angles of galaxies in and out of overdense regions, nor between the pitch angles of red or blue spiral galaxies. More recently, Semczuk et al. (2017) studied N-body simulations of a Milky Way like galaxy orbiting a Virgo-like cluster. These simulations produce tidally induced logarithmic spirals upon pericentre passage around the cluster. Their findings indicate that, similarly to Grand et al. (2013) , spiral arms wind up with time (decreasing the absolute value of pitch angle). However, upon successive pericentre passages, the spirals are again tidally stretched out and the pitch angle loosens with this cycle repeating, indefinitely. Concerning our sample, our galaxies are generally local field galaxies and should have little instance of tidal interaction events.
Intrinsic scatter
Our intrinsic scatter in equation (8) is ≈ 77 per cent of the total rms scatter, implying that ≈ 77 per cent of the scatter comes from intrinsic scatter about the M BH -φ relation and the other ≈ 23 per cent arises from measurement error. The median black hole mass measurement error is 19 per cent or 0.08 dex and the median pitch angle measurement error is 14 per cent or 1.
• 9 across our sample of 44 galaxies. Given this much smaller measurement error on log M BH than on |φ|, i.e. 0.08 versus 1.9 in Figs. 2 & 3, we note again (see Section 4) that the bces (X|Y) regression, and thus the bces Bisector symmetric regression, is almost identical (to two significant figures) to the bces (Y|X) regression.
One major contributing factor to the observed intrinsic scatter in the M BH -φ relation could be attributed to not accounting for the gas fraction in galaxies. Another factor that may be affecting the intrinsic scatter is Toomre's Stability Criterion (Safronov 1960; Toomre 1964) , whose parameter Q is related to gas fraction (since it depends on the gas surface density). Observationally, Seigar et al. (2005 Seigar et al. ( , 2006 Seigar et al. ( , 2014 find that pitch angle is well-correlated with the galactic shear rate, which depends on the mass contained within a specified galactocentric radius. Grand et al. (2013) corroborate these results in their N-body simulations. Recently, Kim & Elmegreen (2017) have also shown that the pitch angle of nuclear spirals is similarly correlated with the background shear. Therefore, when shear is low, spirals are loosely wound (and vice versa) both on the scale of nuclear spirals in a galactic centre and for spiral arms residing in a galactic disc.
One would expect that late-type galaxies, which tend to have lower shear rates and therefore larger pitch angles, would accordingly have a higher gas fraction. This seems to explain the observational results of Davis et al. (2015) , who indicate the existence of a Fundamental Plane relationship between bulge mass, disc density and pitch angle. Concerning the M BH -φ relation, if gas fractions were accurately known, it could act as a correcting factor to reduce the intrinsic scatter in the M BH -φ relation by the addition of a third parameter.
Comparison to previous studies
This work updates the previous work of Seigar et al. (2008) and Berrier et al. (2013) . In Seigar et al. (2008) , 5 15 spiral galaxies with directly measured black hole mass estimates were studied. Five years later, Berrier et al. (2013) increased this number to 22. 16 Our current work has doubled the sample size. The median pitch angle of these respective samples has gradually decreased over the years from 17.
• 3 (Seigar et al. 2008 ) to 14.
• 4 Berrier et al. (2013) , and finally 13.
• 3 (this work).
As seen in Fig. 2 , the slope of our linear fit is noticeably steeper than that described by the ordinary leastsquares (Y|X) linear regression of Berrier et al. (2013) ; slope = −0.062 ± 0.009 dex deg −1 (or compared to −0.076 ± 0.005 dex deg −1 found by Seigar et al. 2008 ). This can be attributed to many possible reasons. During the intervening 4 yr, many of the distances to the SMBH host galaxies have been revised. All redshift-dependent distances have been revised with newer cosmographical parameters. Any change in distance will have a proportional change on the estimated black hole mass. Additionally, many of these mass measurements themselves have been updated.
Pitch angle estimates have also evolved since these previous studies (see Fig. 6 ). Pitch angle measurements conducted by Seigar et al. (2008) and Berrier et al. (2013) were exclusively measured via 2dfft algorithms. Our work has continued to use this trusted method of pitch angle measurement, but we have also incorporated newer template fitting and computer vision methods. Access to better resolution imaging has also affected our pitch angle measurements even for identical galaxies from previous studies, which employed primarily ground-based imaging. Our work has benefited from an availability of space-based imaging for the majority of our sample. These combined effects enable us to improve the accuracy and precision of pitch angle measurements for these well-studied galaxies.
Access to better resolution imaging also has likely statistically tightened (decreased |φ|) our measured spirals. As previously mentioned, poor-resolution has a tendency to bias pitch angle measurements to looser (increased |φ|) values. Therefore, better spatial resolution should reduce high-pitch angle noise and increase the chance of measuring the fundamental pitch angle. This effect could potentially explain why our linear regression has yielded a steeper slope than previous studies, by preferentially 'tightening' the low-surface brightness, low-mass SMBH host galaxies that would benefit the most from better imaging (galaxies towards the bottom, righthand quadrant of Fig. 2) . Additionally, the samples of Seigar et al. (2008) and Berrier et al. (2013) did not include the four lowest pitch angle galaxies (seen in the extreme upper-left corners of Figs. 2 & 3) . These four extreme points 15 In table 2 of Seigar et al. (2008) , 12 galaxies are listed under the category of 'BH Estimates from Direct Measurements'. However, two of those are merely upper limits and five are reverberation mapping estimates. 16 Of the 22 galaxies in the direct measurement sample of Berrier et al. (2013) , three measurements were adopted and left unchanged for use in this paper (NGC 224, NGC 3368 and NGC 3393) and not plotted in Fig. 6 Figure 6 . Comparison of our pitch angle measurements, in green, for the 20 galaxies that are common in the directly measured SMBH mass samples of Seigar et al. (2008) , in blue, and/or Berrier et al. (2013) , in red. Black error bars are provided for individual measurements and reflect that our measurements are in agreement with these previous studies 70 per cent of the time.
will also contribute to a comparative steepening of the slope of the M BH -φ relation presented in this work. Six of our galaxies have > 1σ discrepancies between our pitch angle measurement and our previously published values. Concerning Fourier methods of pitch angle measurement, it sometimes occurs that signals will be present at the true pitch angle and at multiples of 2 of that value. That is, the fundamental pitch angle can be overlooked by such codes, which report a pitch angle different by a factor of 2, especially exacerbated in noisy and/or flocculent images. As can be seen in Fig. 6 , in all cases where the pitch angle measurements disagree beyond one standard deviation, the discrepancy is approximately a factor of 2. We feel confident over-ruling previous measurements with values differing by a factor of two because we have been able to use multiple software methods and analyse different imaging, such as GALEX images, that can better bring out the spiral structure in many cases.
Utility of the M BH -φ relation
The potential to identify galaxies that may host IMBHs will be greatly enhanced via application of the M BH -φ relation (equation 8). A sample of candidate late-type galaxies hosting IMBHs could be initially identified from a catalogue of images (e.g. Baillard et al. 2011) . Then, quantitative pitch angle measurements could provide IMBH mass estimates. Finally, a follow-up cross-check with the Chandra X-ray archive could validate the existence of these IMBHs by looking for active galactic nuclear emission.
The M BH -φ relation, as defined in equation (8), is capable of interpolating black hole masses in the range 5.42 ≤ log(M BH /M ) ≤ 9.11 from their associated pitch angles 24.
• 3 ≥ |φ| ≥ 2.
• 7, respectively. Beyond that, it can be extrapolated for black hole masses down to zero (|φ| = 56.
• 0) or as high as log(M BH /M ) = 9.57 (φ = 0 • ). In terms of predicting IMBH masses in the range 10 2 ≤ M BH /M ≤ 10 5 , this would dictate that their host galaxies would be late-type spirals with pitch angles of 44.
• 3 ≥ |φ| ≥ 26.
• 7, respectively. Pitch angles > ≈ 50 • are very rarely measured in the literature.
Gravitational wave detections can aid future extensions of the M BH -φ relation by providing direct estimates of black hole masses, with better accuracy than current astronomical techniques based on electromagnetic radiation, for which the black hole's sphere of gravitational influence needs to be spatially resolved. The Advanced Laser Interferometer Gravitational-Wave Observatory (LIGO Scientific Collaboration et al. 2015 ) is capable of detecting gravitational waves generated by black hole merger events with total masses up to 100 M (Abbott et al. 2016) . This is right at the transition between stellar mass black holes (M BH < 10 2 M ) and IMBHs (10 2 < M BH /M < 10 5 ).
As the sensitivity and the localization abilities of gravitational radiation detectors increases (i.e. the proposed Evolved Laser Interferometer Space Antenna; AmaroSeoane et al. 2012 & Danzmann 2015 , we should be able to conduct follow-up electromagnetic radiation observations and potentially glimpse (galaxy) evolution in action. Upcoming ground-based detectors will be able to probe longer wavelength gravitational radiation than is currently possible. In particular, the Kamioka Gravitational Wave Detector (KAGRA) will be sensitive to IMBH mergers up to 2000 M (Shinkai et al. 2017) , implying that (late-type)-(late-type) galaxy mergers with IMBHs could potentially generate a detectable signal.
It would be easy to assume that the existence of an M BH -φ relation might simply be a consequence of the wellknown (black hole mass)-(host spheroid mass) relation. However, the efficacy of the M BH -φ relation in predicting black hole masses in bulge-less galaxies may imply otherwise. Moreover, the M BH -φ relation is significantly tighter than expectations arising from the consequence of other scaling relations (see equation 1). This will surely become more evident as the population of bulge-less galaxies with directly measured black holes masses grows to numbers greater than the current tally of one (NGC 4395). Furthermore, the low scatter in the M BH -φ relation makes it at least as accurate at predicting black hole masses in spiral galaxies as the other known mass scaling relations.
Galaxies with (possible) low-mass black holes

NGC 4395
NGC 4395 is the only galaxy in our sample that has been classified as a bulge-less galaxy (Sandage & Tammann 1981) . It additionally stands out as having the lowest mass black hole in our sample, at just under a half-million solar masses. Furthermore, it is the only Magellanic type galaxy in our sample. With the classification, SBm, it also exhibits a noticeable barred structure despite any indications of a central bulge.
M33
To test the validity of our relation at the low-mass end, we now analyse M33 (NGC 598); which is classified as a bulge-less galaxy (van den Bergh 1991; Minniti et al. 1993) and thought to have one of the smallest, or perhaps no black hole residing at its centre. Since studies (Gebhardt et al. 2001; Merritt et al. 2001 ) only provide upper limits to its black hole mass, we do not use it to determine our relation, but rather test the M BH -φ relation's extrapolation to the low-mass end. We adopt a luminosity distance of 839 kpc (Gieren et al. 2013 ) and a distance-adjusted black hole mass of log(M BH /M ) ≤ 3.20 (Gebhardt et al. 2001) and log(M BH /M ) ≤ 3.47 (Merritt et al. 2001) . Using a GALEX FUV image, we measure a pitch angle of |φ| = 40.
• 0 ± 3.
• 0. This is in agreement with the measurement of Seigar (2011) , who reports |φ| = 42.
• 2 ± 3.
• 0 from a Spitzer /IRAC1, 3.6 µm image. Applying equation (8), we obtain log(M BH /M ) = 2.73 ± 0.70. Thus, our mass estimate of the potential black hole in M33 is consistent at the −0.67σ and −1.06σ level with the published upper limit black hole mass estimates of Gebhardt et al. (2001) and Merritt et al. (2001) , respectively.
Circinus galaxy
Lastly, we investigated the recent three-dimensional radiation-hydrodynamic simulation of gas around the lowluminosity AGN of the Circinus Galaxy (Wada et al. 2016) . Their results produce prominent spiral arm structure in the geometrically thick disc surrounding the AGN, assuming a central SMBH mass of 2 × 10 6 M (consistent with our adopted directly measured mass in Table 1 ). We analyse the snapshot of their number density distribution of H 2 O (see their fig. 2a , left-hand panel). We find an interesting eightarm structure with a pitch angle of 27. • 7±1.
• 7 and a radius of ≈ 9 pc. This result differs significantly from our measurement of the pitch angle in the galactic disc (17. • 0 ± 3. • 9). Possible explanations could simply be different physical mechanisms in the vicinity of a black hole's sphere of gravitational influence (r h ≈ 1.2 pc for Circinus's SMBH, for definition of r h , see Peebles 1972) or the different relative densities of this inner ≈ 9 pc disc radius versus the much larger ≈ 48 kpc (Jones et al. 1999 ) disc radius of the entire galaxy. According to the predictions of spiral density wave theory (see equation 2 from Davis et al. 2015) , the higher relative local densities in the inner disc should produce a higher pitch angle spiral density wave than in the larger, more tenuous galactic disc.
Vortex nature of spiral galaxy structure
There exists a sizeable amount of material in the literature concerning the study of vortices, cyclones and anticyclones in galaxies and their reproducibility in laboratory fluid dynamic experiments (for a 20 yr review, see Fridman 2007) . Fridman has done a lot of research concerning the origin of spiral structure since Fridman (1978) . Much of his work investigating the motion of gas in discs of galaxies has revealed strong evidence for the existence and nature of vortices (e.g. Fridman & Khoruzhii 2000; Fridman et al. 2001a,b,c) . Furthermore, Chavanis (2002) present a thorough discussion on the statistical mechanics of vortices in galaxies, while Vatistas (2010) provide an account of the striking similarity between the rotation curves in galaxies and in terrestrial hurricanes and tornadoes. In addition, Vorobyov (2006) specifically describe their numerical simulations that indicate anticyclones in the gas flow around the location of galactic corotation increase in intensity with increasing galactic spiral arm pitch angle absolute value.
In meteorology, it is well-known that the source mechanism for the observed rotation in cyclones and anticyclones is the Coriolis effect caused by the rotation of the Earth. Some speculation has been made postulating that the observed rotation in galaxies is analogously derivative of a Coriolis effect originating from an alleged rotation of the Universe (Li 1998; Chaliasos 2006a,b) . Other studies theorise that primeval turbulence in the cosmos (rotation of cells/voids/walls of the cosmic web) instilled angular momenta in forming galaxies (Dallaporta & Lucchin 1972; Jones 1973; Casuso & Beckman 2015) , rather than rotation of the entire Universe.
There also exists significant literature concerning the similarity of spiral galaxies to turbulent eddies. Early research indicates that large-scale irregularities that occur in spiral galaxies can be described as eddies and are in many ways similar to those that occur in our own atmosphere (Dickinson 1963 (Dickinson , 1964a . Subsequent hydrodynamic studies of eddies revealed a possible scenario regarding the formation of rotating spiral galaxies based on the concept of the formation of tangential discontinuity and its decay into eddies of the galactic scale, spawned from protogalactic vorticity in the metagalactic medium (Ushakov & Chernin 1983 , 1984 Chernin 1993 Chernin , 1996 . Silk & Ames (1972) speculate that galactic-scale turbulent eddies originating prior to the era of recombination were frozen out of the turbulent flow at epochs following recombination.
Direct simulations with rotating shallow water experiments have been used to adequately model vortical structures in planetary atmospheres and oceans (Nezlin 1990; Nezlin & Snezhkin 1990; Nezlin et al. 1990 ). The application of rotating shallow water experiments is also applicable for the adequate modelling of spiral structures of gaseous galactic discs. Nezlin (1991) hypothesize that experimental Rayleigh friction between shallow water and the bottom of a vessel is physically analogous to friction between structure and stars in the disc of a galaxy. Favourable comparisons exist between the rotation of a compressible inviscid fluid disc and the dynamics observed in hurricanes and spiral galaxies and yield vortex wave streamlines that are logarithmic spirals (White 1972) .
Curiously, further evidence in nature for a connection between spiral arms and the central mass concentration manifests itself in tropical cyclones (Dvorak 1975) . Indeed, the Hubble-Jeans Sequence lends itself quite well to tropical cyclones, such that those with high wind speeds have large central dense 'overcasts' (CDOs) and tightly wound spiral arms while those with low wind speeds have small CDOs and loosely wound spiral arms. One notable difference between galaxies and tropical cyclones is that larger galactic bulges garner higher (Sérsic indices and) central mass concentrations while tropical cyclones with larger CDOs possess lower central atmospheric pressures. Both mechanisms, whether gravity or pressure, can be described by the nature and effect of their central potential wells on the surrounding spiral structure. Figure A1 . HST WFC3 F814W image of UGC 6093, preprocessed (rotated so the position angle of the resulting y-axis is −145.
• 2 E of N and de-projected for disc inclination by 24.
• 7 to a face-on orientation) and overlaid with the spiral arcs detected by the sparcfire computer vision software (Davis & Hayes 2014) . Red spiral arcs represent spiral segments with 'Z-wise' chirality and blue spiral arcs represent spiral segments with 'S-wise' chirality. The green line represents the detection of a central bar. For a sense of scale, the central bar subtends an angle of 9. 19, equivalent to a physical distance of 6.81 kpc at the distance of UGC 6093.
Spiral axes with pitch angles that are drastically different from the true pitch angle of a galaxy (or with the wrong chirality) will have little or no variance amongst different axes across the phase angle space of the spiral coordinate system. However, spiral axes that closely resemble the true pitch angle of the galaxy will have increased variance as some axes will lie upon bright spiral arms and others will lie upon the darker gaps in between spiral arms. The true pitch angle of the galaxy will be the set of axes with a pitch angle that maximises the variance.
For UGC 6093, we define the outer visual radius to be 908 pixels (36. 0 = 26.7 kpc). In order to achieve optimum precision, every pixel on the face of the galaxy needs to be sampled at least once. This requires that we instruct spirality to construct at least 2 * π * 908 = 5706 spiral axes (rounded up to the nearest integer). This equates to a phase angle separation of 5.51 × 10 −4 rad between each spiral axis. Fig. A2 illustrates the output of spirality for UGC 6093. The left panel shows a peak in the variance of medians at φ = −10.
• 22 ± 0.
• 94. The middle panel illustrates the maximal variance in median pixel value when φ = −10.
• 22. The right panel is a fast Fourier transform (FFT) of the middle panel, which effectively 'counts' the number of spiral arms (two in this case). The FFT is useful in checking whether or not the number of spiral arms that the code 'sees' matches the number seen by the user's eyes and thus confirming that the code is sampling the observed structure of the target galaxy. It can also aid in determining the number of spiral arms in more ambiguous flocculent spiral galaxies.
A3 2DFFT
The 2dfft software (Davis et al. 2012 operates by decomposing galaxy images into logarithmic spirals and determining for each number of harmonic modes (1 ≤ m ≤ 6) the pitch angle that maximizes the Fourier amplitude. 2dfft works by analysing a measurement annulus with a fixed outer radius at the outer visible edge of the galaxy (36. 0). The inner radius is allowed to vary across the entire radius of the galaxy. For UGC 6093, the 2dfft software identifies the most stable pitch angle for the dominant chirality as φ = −9.
• 50 ± 3.
• 61 for the m = 4 harmonic mode (see Fig. A3 ). Note, this harmonic mode is not in agreement with that determined by spirality (see the right-hand panel of Fig. A2 ). Because 2dfft is constrained to see only symmetric patterns in spiral galaxies (unlike sparcfire and spirality), it sometimes misidentifies the true number of arms. However, in this case, since m = 4 is a multiple of m = 2, the code is still accounting for the two primary arms and is simply trying to account for spiral arm spurs and asymmetries in the gaps between the primary arms. 18
A4 Final pitch angle
For UGC 6093, we can be confident that its pitch angle is approximately −10 • . This determination is in agreement with all three codes and visual inspection. For this galaxy, we select the measurement made by spirality, |φ| = 10.
• 2 ± 0.
• 9, as our preferred measurement. Although, all three codes are in agreement, within error bars, 19 the measurement of 2dfft has the highest associated error, likely because of its confusion with the number of arms. sparcfire provides a more accurate measurement, but still displays a conflict with its identification of a higher (approximately factor of 2) pitch angle for the shortest 'Z-wise' arc segment. For these reasons, and because the measurement of spirality has the lowest associated error, we select the measurement from spirality as our preferred measurement for UGC 6093.
For difficult galaxies, we are mindful of the pros and cons of each method. Specifically, computer vision is very fast and fully automated so it is easy to use. However, it does occasionally struggle with highly flocculent galaxies by identifying many spurious short arm segments. 2dfft is the oldest and perhaps the most robust method, but it is restricted to measuring only symmetric harmonic modes and it can be prone to high-pitch angle (low-frequency) noise in images with low signal to noise. Finally, template fitting is not hindered by harmonic modes and the software is highly 18 Davis et al. (2012) demonstrate that when signal to noise is high (as it is in this image of UGC 6093), the harmonic mode has less physical meaning as multiple harmonic modes are more likely to be in agreement. 19 Error bars are the standard deviation, weighted by the radial extent of visible spirals across the disc of a galaxy, added in quadrature with the computational precision of the software (see respective source papers for complete details). Figure A2 . Template fitting results for UGC 6093 by the spirality software (Shields et al. 2015a,b) . Left -variance of the median pixel value across all logarithmic spiral axes as a function of the pitch angle of the logarithmic spiral coordinate system. The maximal variance is found at φ = −10.
• 94. Middle -the median pixel value along each spiral axis, where the logarithmic spiral coordinate system has a pitch angle equal to that of the maximal variance, φ = −10.
• 22. Each local maximum represents a spiral arm of the galaxy. Right -fast Fourier transform of the middle panel, identifying UGC 6093 to have two spiral arms (as is apparent to the eye in Fig. A1 ). -4 Figure A3 . 2dfft result for the m = 4 harmonic mode of UGC 6093. The pitch angle (in degrees) is plotted as a function of the inner radius of the annulus that is fit (in arcsec). The mean pitch angle in this plot is φ = −9.
• 61.
customizable with many optional parameters, making it the least automated of the three methods. Therefore, we have been able to improve upon past studies of the M BH -φ relation by using the most appropriate method and avoiding situations where things can go wrong. The final column in Table 1 indicates which method was used for each galaxy. As can be seen, the template fitting method was used for 23 of the 44 galaxies, the 2dfft method was used for 19, computer vision was used for one (NGC 6264) and the Milky Way's pitch angle was independently determined from various published values. This paper has been typeset from a T E X/L A T E X file prepared by the author.
